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Flutter of a Ring of Panels
RONALD STEARMAN*

Midwest Research Institute, Kansas City, Mo.

A theoretical investigation has been made on the flutter characteristics of a ring and lon-
geron-stiffened cylindrical shell whose outer surface is exposed to a supersonic flow parallel to
its axis. It is shown that the flutter analysis of this configuration can be reduced to the anal-
ysis of an equivalent single panel using the circulant matrix idea. The reduction procedure,
applicable to most cyclic configurations, allows for all types of interelement (panel) coupling
and is subject to the sole restriction that the dynamic phenomenon be satisfactorily described
by linear theory. An approximate flutter solution is obtained for this configuration in the
limit when the number of panels become large, and the unsteady aerodynamic pressures may
be computed from simple linear piston theory. This solution indicates that, at the critical
flutter speed, all panels of the shell flutter in exactly the same mode shape, the same magni-
tude of occurrence of this mode shape, and with a phase shift equal to TT occurring between
successive panels.
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Nomenclature

= lim Rai plate length (Fig. Ib)
R-+°°

= coefficient (see Table 2)
= coefficient (see Table 2)
= lim Rfa stringer spacing (Fig. Ib)

R-+00

= coefficient (see Table 2)
= coefficient (see Table 2)
= (m2 + X2™2)2 + ew4/(m2 + \2n2)2

= modulus of elasticity in tension and compression
= plate thickness
= matrix
= integer; also used as ( — I)1/2

= reduced frequency
= generalized elastic influence function
= matrix
= bending moment per unit length of the ith shell seg-

ment acting about an axis parallel to the £ axis (see
Fig. 2)

= Eh3/I2(l - v2} flexural rigidity of the shell or plate
= aerodynamic pressure loading
= matrix
= freestream dynamic pressure
= radius of curvature of the cylindrical shell
= speed of flow at infinity
= longitudinal, circumferential, and radial components of

deflection; positive sense shown in Fig. 2a
= curvilinear coordinates located on the middle surface

of the shell in the axial and circumferential direc-
tions, respectively

= x/R, dimensionless axial coordinate
= shell length, dimensionless (see Fig. la)
= y/Rj dimensionless circumferential coordinate
= stringer spacing, dimensionless (see Fig. la)
= [12(1 - p*)/w*](L/Ry(R //O2 curvature term
= special value of /3 where a concentrated amount is

applied
= special value of /3 where a concentrated load is applied
= ai/Pi
= pgh/pQRa.i mass ratio parameter
= Poisson's ratio; also used as an integer
= special value of a. where a concentrated moment is ap-

plied
= special value of a where a concentrated load is applied
= phase angle
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po = mass density of air in freestream
ps — mass density of panel or shell
12 = (4/Tr4)[2q(Rai)3/NM] dynamic pressure parameter
o> = frequency

Introduction

AGENERAL method of analysis is presented for treating
panel flutter problems associated with cyclic structures.

The method is subject to the sole restriction that the phe-
nomenon be satisfactorily described by linear theory.

A necessary condition for a structure to be classified as
cyclic is that it be composed of n identical elements equally
spaced around a circle, with the last or nth element adjacent
to the first element. All cyclic structures referred to herein
must have this basic property. Examples of this class of
structure are the axially stiffened cylindrical shell and the
single-stage turbine or compressor wheel. The associated
dynamic problems of interest for these structures may include
the flutter, free vibration, and forced response of the n elements
in the system.

Lane1 investigated the problem of compressor blades flutter
under the assumption that each blade had a finite number of
degrees of freedom. He was able to show that the flutter
analysis of a cyclic structure of this type characterized by a
large number of identical fluttering blades could be reduced
with no loss of generality whatsoever to the analysis of a
"single equivalent blade." Fung,2 in an unpublished report,
extended Lane's principal result to continuous systems such
as the flutter of skin panels on a circular missile frame or fuse-
lage. In the present paper the general reduction procedure
will be presented and applied to the flutter analysis of a grid
of panels.

1. Reduction Procedure

Lane1 has made an important contribution to the theory of
compressor blades flutter in showing that all of the system
mode shapes of an n-bladed system can be obtained in terms
of n single "equivalent blades." The method of analysis is
readily applicable to such apparently different problems as
the panel flutter of the skin panels of a circular semimono-
coque fuselage. An alternate mathematical derivation of
Lane's reduction procedure is presented, and the results are
extended to the case where each element of the cyclic struc-
ture has an infinite number of degrees of freedom.

1.1 Mathematical Derivation

Consider n identical elastic blades (or panels), identically
supported and equally spaced over a circle. The nth blade
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is adjacent to the first blade. If each blade has one degree of
freedom, the equations of motion at the critical flutter condi-
tion, with the time factor ejui removed, may be written in the
matrix form

Ap - 0
where

an

0,4 . . .

P =

Pn

(1)

(2)

Pj denotes the generalized coordinate of the jih blade, and %
represents the total effect of the sth blade upon the (s + 1 —
?)th blade for s > j or the total effect of the sth blade on the
(s + 1 — j + n)th blade for s < j. Because of the cyclic
characteristics of the blade configuration, there are only n
independent elements in the square matrix A. Such a matrix
is called a circulant matrix.

If each blade has m degrees of freedom, the equations of
motion may still be written in the form (1), provided that PJ
and a,j are now understood to be column and square sub-
matrices of order m and ra-m, respectively:

021j
Pi3

p

(3)

Here pk
j denotes the generalized coordinate of the fcth degree

of freedom of thejth blade; aitf denotes the effect of the Mi
degree of freedom of the sth blade upon the Ith degree of free-
dom of the (s + 1 — j)ih blade.

The elements aik
j are complex numbers involving the Mach

number of flow, the reduced frequency of flutter oscillation,
the structural damping factor, the density of the fluid, the
elastic influence coefficient of the blade, etc. The problem of
flutter is to determine two of these parameters as the eigen-
values of Eq. (1). Generally, it is necessary to determine
only the eigenvalues corresponding to the smallest critical
speed of flow.

The matrix A may be reduced to a diagonal form by a col-
lineatory transformation as follows. Let cop be the pth of the
n nth roots of unity:

so that

>/»)(, = 0, 1, 2, . . . n - l),j = (-

1. Consider the alternant matrix P:

P =
1 COo 1

1 COi"1

1 COn-l"1

The reciprocal of P is
1

1 COo

P-1 = - coo2

n :

coo-"1

COo 2 COo w

C0i~ 2 C0i~ n"

CO,-!-2...^-!-

1 . . .1
CO! • • -COn-1

COi2 . . .COn-l2

COi^— 1. . . COn— ln

(4)

(5)

(6)

It can be verified at once by direct multiplication that

PAP-1 = B (7)

where

B =
B0 0 . . . 0
0 B L . . O

and

Bp =

Since A and B are related by a collineatory transformation,
the eigenvalues of A and B are identical (see Ref. 3, p. 69,
case iv). But B is a diagonal matrix; hence, the eigenvalues
of (1) are given by the n equations:

\B,\ = 0 (P = 0,1,2, . . . ,n - 1) (9)
The preceding results can be generalized at once to the case

in which each blade has m degrees of freedom by regarding
the elements ai, 02 . . - , etc. as square submatrices given by
Eq. (3), and the elements 1, cop"1, cop~2, . . ., etc., in P as
diagonal submatrices I, cop"1!, cop~2I, . . ., etc., of the same
order m. Equation (7) then shows that the eigenvalues of
the original matrix A (of order mn-mn) are given by the n
determinantal equations (9), each of order m. This is
Lane's principal result.

1.2 Generalization to Infinite Degrees of Freedom

The equation of motion of a single blade at the flutter con-
dition, or of a single fluttering skin panel, can be written in the
form

w(x, y) - (l/W)ffK(x, y; XQyQ)w(x0, yQ)dxQdyo = 0 (1 0

where w(x, y)e^wt is the displacement at the point (x, y ) , and
K(x, y; XQ, y0) is a complex valued function depending on the
Mach number, reduced frequency, etc. k0 is the reduced
frequency of the fundamental free vibration frequency, i.e.,
a parameter indicating the stiffness of the structure. The in-
tegration extends over the entire blade or panel surface (see
Ref. 4 for details regarding derivation of such an equation for
panel flutter and Ref. 5 for a blade).

When there are n such identical blades or panels cyclically
arranged at equal spacing over a cylinder, the equation of
motion takes the same form as (10) if we regard w as a column
matrix of n elements, and K as a square matrix of n2 elements.
The cyclic character of the blade arrangement implies that
the K matrix is a circulant matrix.

To shorten the writing, we introduce the so-called com-
position product of K and w defined as follows :

K*w = f f K ( x , y; • w(x0, (11)

We introduce furthermore the unitary element /, which has
the property

I*f = f*i = f (12)

where f is any function compatible with the composition prod-
uct definition. We can now write Eq. (10), generalized into
a matrix equation for n blades, as

H*w = 0 (13)
where

(14)
Since K is a circulant matrix, it is evident that H is also a
circulant matrix.

Consider now the matrix PI, which is identical with the P
defined in (5) except that every element is multiplied by the
unitary factor I. By actual multiplication, it can be seen that

and that
PI*(H*w) = (PI*H)*w

PI*H = B*PI

(15)

(16)

(P = 0,1,2, . . . ,n - 1) (8)

where B(a:, y; XQ, yo) is a diagonal matrix of which the jth
element on the principal diagonal is

BJ(X, y; x0, y0) = HI(X, y; XQ, y<>) + ^j~lHn(x, y; x0, y0) +
uj~2Hn-i(x, y; x0, y0) + . . . + o>j~n+1H2(x, y; x0, y0)

(j = 0,1,2, . . . , n - 1) (17)

Combining (13, 15, and 16), and letting Pw = p, we obtain

PI*(H*w) = B*p = 0 (18)
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The eigenvalue problems H*w = 0 and B*p = 0 are com-
pletely equivalent. Hence, by transforming the variables
Wi, w% . . . into

Po = Wi + w2 +

Pi = Wl + Wz/OOi

+ .. .

(19)

etc., the original eigenvalue problem of n coupled blades is re-
duced into solving individually the n uncoupled problems of
"equivalent single blades":

Bfp, = 0 (j = 0,1,2, . . . ,n - 1) (20)

If a pair of eigenvalues and the corresponding eigenvector
p were found, the flutter mode of the blades is at once given by

W =

+ Pi + Pi + • •

(21)

(22)

etc. The interpretation of the flutter mode is very simple.
For example, suppose that Pk ^ 0 at the minimum flutter
speed, whereas all other p's vanish. Equations (22) then
show that the blade deflections Wi(x, y), w*(x, y) . . . of suc-
cessive blades are identical in shape and magnitude but
differ by a constant phase shift coi*, i.e., each blade lags in
phase behind the preceding blade by an angle 2-irk/n, the same
as in Lane's case of finite degrees of freedom.

2. Application of Reduction Procedure

The foregoing reduction procedure will be applied to the
flutter analysis of the panel structures shown in Fig. 1. The
structure in Fig. Ib will be considered as the limiting case of
the cyclic configuration shown in Fig. la when the radius
R -> oo but Roti and R ft remain finite. The stiffeners and
rings are assumed to prevent radial deflections but offer no
rotational constraints to the panels. A generalization to
other degrees of flexibility in the rings and stiffeners can ob-
viously be made. The freestream is supersonic and flowing
over the outer surface of the panel grid paralleled to the shell
axis. In addition, the unsteady aerodynamic pressures are
assumed to be adequately represented by linear piston theory.

2.1 Formulation of the Flutter Problem

The equation of motion for the fluttering ring of panels
shown in Fig. la may be written, with the time factor eia>t re-
moved, in the form

w(x, y) = , y; (23)

0' is a physical parameter playing the role of the eigenvalue.
The variables x, y are curvilinear coordinates on the surface,
and the integration interval extends over the entire panel
area. The deflection surface w(x, y) is a column matrix of n
elements and K a square matrix of n2 elements.

The kernel K may be thought of as the product of a matrix
of elastic influence functions times the sum of an aerodynamic
and an inertial operator that operate on the vector w to yield a
lateral loading normal to the shell surface. The inertial
operator takes the form of an identity matrix times the scalar
operator ps&(c)2/d£2); the elastic and/or aerodynamic ma-
trices, however, are of diagonal form only if the elastic and/or
aerodynamic coupling vanish, f

f Since, for small oscillations of the shell, the inertial loading is
proportional only to the local acceleration of the skin, it is not a
coupling element in the problem.

a ) b )

Fig. 1 Theoretical model.

An examination of the transformed problem (23) written
in the form

= 0 Ti = 2wi/n
(i = 0, 1, 2, . . . , n - 1)

(24)

shows that the flutter solution of the ith equivalent panel
actually corresponds to the situation in which the original
flutter problem is solved for one panel when this panel is un-
der a very special form of influence from all other panels,
namely, all other panels oscillate with the same panel mode,
the same magnitude of occurrence of this panel mode, and
with a phase shift angle <r» (as yet undetermined) between
adjacent panels. It is important to realize that this result is
valid when all panels of the original problem flutter at the
same frequency but with different modes and also different
phase shift between different panels, as well as when all panels
flutter in the same mode shape but differ by a constant phase
shift between different panels (i.e., all interpanel interference
is correctly accounted for).

The operator #(crz-) in (24) resembles a finite complex
Fourier series in the undetermined phase angle 0^. The
physical nature of the original flutter problem, in addition,
guarantees that the coefficients (i.e., the H's) of the higher
harmonic terms will diminish quite rapidly. That is to say
that the influence of the neighboring panels becomes quite
small with increasing distance. Thus, a tremendous simpli-
fication is possible for cyclic configurations with a large number
of panels.1 The operation of solving the n eigenvalue prob-
lems (24) is replaced by a minimization process with respect
to an interpanel phase angle a. In other words, a general
complex eigenvalue problem

B(<r) *p« = 0
(25)

is considered wherein the i discrete values of ^fche n roots of
unity are replaced by a parameter a that is temporarily
assumed to be a continuous variable between 0 and 2?r. The
finite complex Fourier series is then approximated by an
infinite series that, in some cases, will be summable in closed
form to a relatively simple continuous function of cr. This
new eigenvalue problem is then solved for a small (relative to
n) number of values of the parameter a. A plot of the mini-
mum eigenvalues obtained vs the phase angle is drawn as a
smooth curve. The final <rvor and tfvcr are then obtained from
this plot by picking the admissible value av closest to the
minimum point on the curve, i.e., by taking vv = 2irv/n,
with v restricted to be a positive integer less than n. A
justification of this minimization process may be found in
Ref. 1.
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(£)

Fig. 2 Notation and coordinate system.

The original flutter problem may thus be analyzed, in all
generality, in terms of a single "equivalent" panel. The
critical conditions for flutter correspond simply to the ad-
missible interpanel phase angle vv yielding the minimum
eigenvalue $v and to the frequency and panel mode as-
sociated therewith. It is to be emphasized that all forms of
elastic and aerodynamic coupling have been accounted for in
the foregoing formulation.

In the present flutter analysis of a ring of panels, the local
air loads are assumed to be only a function of the local down-
wash and are approximated by6

2MR

This is the cylindrical shell counterpart to the well-known
linear piston theory expression. Within this approximation,
no aerodynamic coupling will occur in the problem, and the
aerodynamic matrix will take a form similar to the inertial
matrix.

In the limiting case where R —* °°, the aerodynamic pres-
sures will be approximated by Ackeret theory as

P = -
Hedgepeth7 has shown that for flat three-dimensional
panels where M > 2 there is no appreciable difference in the
flutter boundaries predicted with Ackeret theory as com-
pared to those predicted by linear piston theory or a more
accurate three-dimensional theory ift

(M2 - l)1/2(6/a) > 1 M > 1

The eigenvalue problem (25) with the time factor removed
then reduces to the general form

'-k'(l + i
', y; zo:M

X

2MR '^] X

:0, yo)dxQdy0 (26)

with

K' = Ki' + Kz'e>'* +. Kn'e-i* +

The functions Ki'(x, y; XQ, y0) represent the influence func-
tions giving the deflection surface of the (s + 1 — i)th panel
(s > i) or the (s + 1 — i + n)ih panel (s < i) when a con-
centrated load is applied to the sth panel. By referring
to Fig. 2a, it becomes apparent that all of the elements Kt

f

I More recent investigations have shown that this two-di-
mensional static aerodynamic approximation is valid for un-
stressed panels at Mach numbers M > 1.3 over the whole range of

3jcr

0- = CONSTANT >0
j

Fig. 3 Equivalent loading for the reduced problem.

will be known once the Green's function of the stiffened shell
is determined.§

The function K f , appearing in this integral formulation of
the flutter problem, may be thought of as a generalized elastic
influence function yielding the lateral deflection surface of
the equivalent panel (denoted by the number zero) when this
panel is under a very special form of influence from all other
panels (see Fig. 3). The concentrated loads in this case are
normal to the shell surface and occupy the same position rela-
tive to each panel. The development of this generalized
elastic influence function is given in the Appendix.

2.2 Approximate Solution of the Flutter Problem

An approximate method of solution is discussed for the
panel flutter problems associated with the structures shown in
Fig. 1.

Writing the equation of motion (26) in dimensionless form
and retaining only the simple cylindrical piston theory ex-
pression for the aerodynamic pressure loading yields the
"equivalent" eigenvalue problem:

ft"} = 0, "', E', H'; a) X

P.C3', a*) -

(27)

K' represents the generalized elastic influence function de-
scribed in Sec. 2.1 (see Table 1). The eigenvalue ttff, reduced
frequency k, mass ratio /z; and dimensionless coordinates are
defined as^

psh
U Po(Roti)

* 4 NM

y
Rfr

>-f!f __ ^Q Tjif __ y°
>-< — ~r>—— ^ — r> r>

§ In Fig. 2a the panel elements have been renumbered. Once
the reduction procedure has been carried out, this numbering
system will be more compatible with the Fourier series interpreta-
tion of the kernel function as given by Eq. (26).

If In the remainder of this section, the primes will be omitted
for convenience in writing.
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The stability analysis involves the problem of finding the
smallest value of the real parameter 12 „ which causes the re-
duced frequency k first to take on a negative imaginary part.

Galerkin's approximate method of solving differential and
integral equations9 is applied to the homogeneous flutter
equation (27) to determine this minimum 12 .̂ The as-
sumed flutter mode or deflection shape is taken as a linear
combination of independent functions in the series form

Table 1 Kernel functions

= Re (28)

valid in the region 0 < a < l , 0 < / 3 < l , 0 < c r < 2 7 r . The
functions <pr(a) and ^s(/3, cr) should satisfy the transformed
boundary conditions imposed on the deflection surface. The
approximation to the flutter mode will employ the vibration
mode shapes of a single-span pinned beam for <pr(ot),

<PT(OL) = sinr wa (r = 1, 2, . . .)

and the inextensional vibration mode shapes of a ring or
beam on a large number of periodic supports for \l/s(l3, cr),6-10

; a) = (s = 1, 2,

where

fs(/3) = sinh<5(s) si - sin<5(s)

— sinS(s)
smhS(s) — sinS(s)

with d(s) taking on the following admissible values:

If 5(s) is an integer times TT, then the assumed mode shape
takes the form

COSCr = (— 1)* <5(s) = S7T

The preceding choice of functions (pr(ot) and \l/8(/3j cr) satisfies
the required transformed boundary conditions for the con-
tinuity of slope, deflection, and curvature between neighbor-
ing panels, and the required pinned leading and trailing edge
conditions.

The frequency parameter <5(s), appearing in the spanwise
modes, will take on all possible values in the interval just
defined as the phase angle cr varies continuously between 0 and
TT. Since coscr is an even function with respect to TT, the in-
terval TT to 2ir in cr gives repeated values for d(s) and hence
complex conjugate mode shapes \l/s(&, °0- This consequence
leads to the result that 12^ will be an even function with re-
spect to cr = TT [see Eq. (29)]. It will therefore be sufficient
to restrict our interests to the phase angle interval 0 to TT.
In accordance with our reduction procedure, however, the
eigenvalue problem will be solved for only a small number n
of these admissible values of cr.

Substitution of (28) into (27) and application of Galerkin's
approximate method of solution yield the following system of
equations for <5 ^ sir:

K'(a», £"; E", H*; <r) =

; *) - (-i)^(0)(^; «r)i x
m= 1 n = 1

Dmn

2(Cm - Bm

2(Cm - Bm cos<r)

00 00

X

* = 1 n = l

/on) a sin(m7r/ai)E sm(mr/0i)H
A^

Z E
m = 1 n = 1

where the panels are essentially uncoupled. These solutions
are well known and have therefore been omitted in the flutter
analysis. The results for these cases, however, have been in-
cluded in Table 3 for completeness.

The system of Eq. (29) may be written in matrix form as
[B0/c2 + E±k + B2(^a)]x = 0 (30)

The reduced frequency k now plays the role of the eigenvalue,
whereas £Lff is considered only as a real valued dynamic pres-
sure parameter. For the assumed functions <pr(a) and
^s(/3, cr), the matrix B0 will be nonsingular and the nonlinear
eigenvalue problem can be transformed to the standard linear
form11

[kl - A'(O,)]y = 0 (31)
The stability analysis thus reduces to an iteration procedure
applied to the matrix equation (31) for determining the lowest
value of 12o- which causes the reduced frequency k first to take
on a negative imaginary part.

For the limiting case R —* °° but RO.I and Rfii remain finite,
the flutter problem may be written in the form

[fc2! - A'(Q,)]y = 0 (32)

sin5(s) sinh5(s) | 4

12 coscr —
— Bv coscr)

E

Table 2 defines the unknown terms in these equations.
The condition for d = sir occurs at phase angles of 0 and TT

v = 1,2, . . . ,M; 7 = 1,2, . . . ,# (29)

This zero curvature case will be taken as a first approximation
to the flutter problem of a cylindrical shell stiffened by a
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large number of longerons. In addition, the aerodynamic
pressure loadings will be determined by the simple Ackeret
theory expression.

Figure 4 illustrates the stability boundaries obtained from
IBM 1620 computer studies for the foregoing limiting case.
The area above the curves represents the region of instabil-
ity. The computed data are listed in Table 3. These stud-
ies suggest that s = 1 is the most important spanwise mode
to retain in the analysis. The addition of the successively
higher spanwise modes did not significantly alter the flutter
boundary. Satisfactory convergence for the configurations
studied was obtained with the first span mode and the first
six chord wise modes. The results of the investigation indi-
cate that cr = TT is the phase angle associated with the mini-
mum flutter speed for configurations with stiffener spacings
from b/a = °° to b/a — \. Therefore, at the critical flutter
speed all panels of the grid flutter in exactly the same mode
shape, the same magnitude of occurrence of this mode shape,
and with a phase shift equal to w occurring between succes-
sive panels. The critical flutter condition is equivalent to
that of a single-span pinned panel whose physical properties
and dimensions are identical to those of the panels making up
the grid.

It is apparent from Fig. 4 that panel-stiffening to prevent
flutter instability is most effective when the distance between
longerons is of the order of the chord length (ring spacing) of
the shell or smaller.

In a flutter analysis for structures of a similar type at the
lower supersonic Mach numbers, i.e., roughly when

CM2 - l)1/2(6/<0 < 1 b/a > 1

M < 1.3 b/a < 1

both aerodynamic and elastic coupling must be accounted for.
This latter problem may still be written in the form of Eq.
(26), if the aerodynamic pressure term is replaced by a
generalized aerodynamic influence function. This aero-
dynamic influence function may be obtained by computing-

70

60

o- ls t SPAN MODE, 1st a 2nd CHORD MODES
Q - l s t a 2nd SPAN MODES, 1st a 2nd CHORD MODES
A-lst SPAN MODE, 1st FOUR CHORD MODES

-X-lst SPAN MODE, 1st SIX CHORD MODES

40

30

20

10

-X-

a" 2

* = co
a

0 0.2 0.4 0.6 0.8 1.0

Fig. 4 Eigenvalue vs interpanel phase angle.

Table 2 Coefficients in the flutter characteristic equation

_ ^ ( — \}nn s\YL(mr/fii)H
Dmn Dmn

(-l)nn2

Dmn

Cm =

(-l)^n2

y;

bvd(y,s)' =

the aerodynamic pressures on the zeroth or "equivalent"
panel of the cyclic structure when all other panels oscillate
with the same panel mode, the same magnitude of occurrence
of this panel mode, and with a phase shift angle of a (as yet
undetermined) between adjacent panels. The complex
nature of this aerodynamic influence function will lead to a
more involved flutter analysis than that carried out here.

Appendix: Green's Function for the Cyclic
Structure

The use of the reduction process in the actual flutter analy-
sis requires the knowledge of the Green's function yielding the
radial displacement component at any point on the stiffened
shell due to a concentrated radial load acting on one of the
panels. In this section such a function is derived and em-
ployed for computing the generalized Green's function for the
cyclic structure. The solution is based upon the assumption
that the differential equations of equilibrium of the shell are
adequately described by the well-known Donnell equations,
and that the complete stiffened shell can be assembled from
freely supported shell segments. This in turn implies that
the stiffeners do not bend in the radial direction or offer rota-
tional resistance to the shell.

The axial coordinate x and the circumferential coordinate y
of a point on the middle surface of the cylindrical shell will be
denoted by the nondimensional coordinates a and ft, where
a = x/R and ft = y/R. The ith panel of the cylinder is de-

Table 3 Flutter eigenvalue vs interpanel phase angle

X 0 1 2 2 2 2 2

Chordwise modes:
(r, v)

Spanwise modes:
(s, y)

Exact 1-6 1,2

1 1

1,2

1,2

1-4

1

1-4

1-4

1-6

1

0
0
0
0
0
1

.2

.4

.6

.8

.0

14.
14
14
14
14
14.

0
.0
.0
.0
.0
,0

22

21

21
20

.6

.6

.1

.7

33.

31.

29.
29.

4

8

7
3

33.6
32.7
31.1
29.7
29.3

50.
49.
48
45,
43
43.

4
.5
.0
.8
.9
1 43 . 1

53.6

51.1

46.1
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scribed by a in the interval (0 < a <
val (0«> < ft < ^+1>).

Let the components of elastic displacement of a point on
the middle surface of the shell be denoted by u(i\ v(i\ and
w(i}. The in-plane displacement components in the axial and
circumferential directions are uw and u<*>, respectively,
whereas the radial deflection component is w(i) (see Fig. 2
for notation). The radial deflection component of the iih
panel of the shell, because of a concentrated radial load acting
on the zeroth panel at (E, H), may be represented by

(Al)

The function &0(a, /3(i); E, H) denotes the deflection of a
freely supported shell segment at (a, 0(i)) caused by a con-
centrated unit load acting at (2, H), whereas the kernels
ki(a, j ff 'O; f , 0) and A?i(a, 0<«; f, ft) denote the deflections of a
freely supported shell segment at (a, /3(i)) caused by a con-
centrated unit moment acting at a point (£, 0) and (£, ft) of
its edges, respectively. The Kronecker delta symbol is de-
noted by dm. M-n(i) (£) are the unknown edge moments along
the longitudinal stiffeners caused by a concentrated load on
the zeroth panel. The required matching conditions along
the longitudinal stiffeners are satisfied if these unknown edge
moments M^(^) are determined as the solution of the follow-

and jS in the inter- The solution of this system may be written as

1 . mir ^
qm

(0) = -T- sin— E X
7TA <Xi

Am[Cm/B - A,
Bm(Cm*/Bm* - I)1/2

qm
(~1:> = — — sin— E X

7TA Oil

Am[Cn/B

, H) =

Bm(Cn?/Bm* - I)1/2

, H)

where

= Cm/Bm + [(Cm/Bmy -
\Cm/B -1< 7™ <0

with the coefficients ATO, Am, Bm, and Cm given by Table 2.
The required Green's function for a single concentrated load
may then be written in the form

; E, H)
where

(t'> sin(m7r/ai) a

ing system of integral equations6:

Ku

= 0
(A2)

2MV~1> KU + M-n®) KM] d% = 0 j

where the functions Kn, K^, /, and g are given by Table 1.
Solutions of the system (A2) will be sought for the case in

H, fl) +

which the number of panels becomes large (i.e., n tends to
infinity). This implies that | |M77(i)(£)| | -^ 0 as i -> ±0° and
that the moments to the right of the applied load will be
considered as only a function of M^(£) and those at the left
supports as only a function of M^~^(^) (see Fig. 2a).

Expressing these moments along the supports in the form
00 TIT

JWyo(£) = y qrw sin- J
r = i «i

and substituting this expression into the system (A2) leads
to the following equations for the unknown Fourier co-
efficients :

(2/7rX) si^mir/aJS

) - qm^Bm +
(2/TrX) sin (n

= 0

= 0

(A3)

and A:0 is given by Table 1.
The generalized Green's function is now obtained by

superimposing the effects of the concentrated loads and em-
ploying the cyclic property of the structure. The deflection
of the zeroth panel due to this special loading may be written
for a total of 2N + 1 panels as

N

E

Interchanging the order of summation and approximating
the TVth partial sums over i by their asymptotic values re-
sults in a deflection function of the zeroth panel in the form

n sm(ri7r/ft)j5(o) sin(w7r/ai) a sin(m7r/oji)E (A4)

where

2 (Cm - Bm coso-)

9 2 (Cm — Bm coscr)

Equation (A4) is the generalized Green's function required in
the flutter analysis of the axially stiffened cylindrical shell.
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Random Vibrations of a Myklestad Beam
Y. K. LIN*

University of Illinois, Urbana, III.

The stationary solution is obtained for the response of a Myklestad beam under stationary
random excitations. The term response here refers to either deflection, slope, moment, or
shear at different stations along the beam, and the solution is given in terms of power spec-
trums and cross-power spectrums. Both structural damping and viscous damping are con-
sidered. Since the transfer matrix technique is employed in the formulation, the general
method developed can be extended to various types of structures whose transfer matrices are
known.

Introduction

THIS paper presents a solution for the stationary random
vibration of a Myklestad beam under the excitations of

stationary random forces. The random forcing functions
are specified in terms of their power spectrums and cross-
power spectrums.

The Myklestad beam, as shown in Fig. 1, consists of piece-
wise uniform massless segments joined by concentrated
masses. Although Fig. 1 depicts a beam of a cantilever
type, it will be clear in the following analysis that other
boundary conditions can be treated in an analogous manner.
Such a structural model is a convenient approximation for a
beam with nonuniform cross sections such as is frequently
encountered in the flight vehicle structures.

The random forces are assumed to be perpendicular to the
axis of the beam and concentrated at the concentrated
masses. These random forces may approximate a distributed
load, random in both time and space. The analysis can
easily be modified for other types of excitations, for ex-
ample, for random moments or for both random vertical forces
and moments. However, in order to be more specific and
brief, the present formulation will be for a cantilever beam
and for vertical excitations.

The analysis of a Myklestad beam can best be carried out
using the method of transfer matrices.1 Therefore, a brief
account will first be given on the transfer matrices applicable
to the present problem. Then the power spectrums and
cross-power spectrums of the stationary response will be ob-
tained in terms of those of the exciting forces and the ele-
ments of the transfer matrices.
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Transfer Matrices

In a beam problem, a transfer matrix relates the defection
w, slope 0, moment M, and shear V at a station of the beam
to those at another station. Consider a typical segment of
the beam from the right of station j-l to the left of station j,
as shown in Fig. 2. It can be shown by use of elementary
strength of materials techniques that the state vector (w, <£,
M, V) on the left of station j is related to that on the right of
station j-l as follows:

M

V

0 0

0 0 1

(1)
M.

The square matrix in Eq. (1) is known as a field transfer
matrix. In a dynamic problem, where the motion is simple
harmonic motion, each element in a state vector {w, <£, M, V}
denotes a complex amplitude. The structural damping in

J-' j
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Fig. 1 A loaded Myklestad beam.
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